Pair microstructure of concentrated Brownian suspensions in simple-shear flow is studied by sampling of configurations from dynamic simulations by the Stokesian Dynamics technique. Simulated motions are three dimensional with periodic boundary conditions to mimic an infinitely extended suspension. Hydrodynamic interactions through Newtonian fluid and Brownian motion are the only physical influences upon the motion of the monodisperse hard-sphere particles. The dimensionless parameters characterizing the suspension are the particle volume fraction and Péclet number, defined, respectively, as ϭ(4/3)na 3 with n the number density and a the sphere radius, and Peϭ6␥ a 3 /kT with the fluid viscosity, ␥ the shear rate, and kT the thermal energy. The majority of the results reported are from simulations at Peϭ1000; results of simulations at Pe ϭ1, 25, and 100 are also reported for ϭ0.3 and ϭ0.45. The pair structure is characterized by the pair distribution function, g(r)ϭ P 1͉1 (r)/n, where P 1͉1 (r) is the conditional probability of finding a pair at a separation vector r. The structure under strong shearing exhibits an accumulation of pair probability at contact, and angular distortion ͑from spherical symmetry at Peϭ0͒, with both effects increasing with Pe. Flow simulations were performed at Peϭ1000 for eight volume fractions in the range 0.2рр0.585. For ϭ0.2-0.3, the pair structure at contact, g (͉r͉ϭ2)ϵg (2), is found to exhibit a single region of strong correlation, g(2)ӷ1, at points around the axis of compression, with a particle-deficient wake in the extensional zones. A qualitative change in microstructure is observed between ϭ0.3 and ϭ0.37. For у0.37, the maximum g(2) lies at points in the shear plane nearly on the x axis of the bulk simple shear flow U x ϭ␥ y, while at smaller , the maximum g(2) lies near the compressional axis; long-range string ordering is not observed. For ϭ0.3 and ϭ0.45, g(2)ϳPe 0.7 for 1рPeр1000, a slower increase than the g(2)ϳPe predicted theoretically for Ӷ1 ͓Brady and Morris, J. Fluid Mech. 348, 143 ͑1997͔͒. Spherical harmonic decomposition of g(r) was performed, and for Peϭ1000, expansion convergence is found to be nearly complete when harmonics Y lm to the level lϭ10 are included.
I. INTRODUCTION
This work examines the microstructure in a concentrated suspension undergoing strong shear flow. The pair microstructure of a monodisperse Brownian hard-sphere suspension is investigated by sampling of the configurations generated by dynamic simulation using the Stokesian Dynamics method. The question of interest is to determine the likelihood of finding a second particle at a position r relative to a first of the known positions. This likelihood is described in a normalized fashion by either the pair distribution function, g(r), or the pair correlation function h(r)ϭg(r)Ϫ1; these are defined in terms of the conditional probability of finding a pair of spheres at separation vector r, P 1͉1 (r), by g(r) ϭ P 1͉1 (r)/n, where n is the mean number density of the monodisperse spherical particles. In this work, we will consider only g (r) . At equilibrium, the particles in a Brownian suspension of spheres are agitated by thermal motion and there is no preferred direction, so that the structure is spherically symmetry, in which case g(r) is described as g(r) with r the separation distance. Strong shearing flows, in which the ratio of shearing to Brownian forces ͑a Péclet number͒ is large, are the cases of interest here. Under these conditions, the structure is strongly distorted from spherical symmetry and this structure has been shown under dilute conditions to be directly related to qualitative changes to the rheology of the suspension. 1 Monodisperse hard-sphere suspensions arguably represent the simplest of complex fluids. The well-understood equilibrium states and thermodynamics are controlled only by the volume fraction occupied by the particles of radius a, ϭ4na 3 /3. The thermal energy kT, with k Boltzmann's constant and T the absolute temperature, serves only as a scaling factor that sets, for example, rates of particle motion and the osmotic pressure. Bulk shear flow, for simplicity taken as the simple shear flow having only the x-directed velocity U x ϭ␥ y, introduces a single additional dimensionless parameter, a Péclet number Peϭ6␥ a 3 /kT, where is the suspending fluid viscosity and a is the spherical particle radius. The Péclet number characterizes, at the scale of a, the relative time scales for particle motion by Brownian diffusion, a 2 /D 0 , to motion with the shear flow, ␥ Ϫ1 ; here, the Brownian diffusivity of an isolated sphere is D 0 ϭkT/6a. The pair structure of a sheared suspension of hard spheres results from the balance of these influences. At equilibrium, the structure is spherically symmetric and the variation with r of g(r) results from the excluded-volume interactions of the particles. Pair correlation in equilibrium hard-sphere colloids is therefore identical to the correlation between hard sphere gas molecules, and depends only upon the packing fraction of the particle or molecules; despite the difference in the dynamics of these systems, the static structure and thermodynamic properties of the colloidal particles have a one-to-one correspondence with those in the hardsphere gas. 2 Because of the analogy to dense gases and liquids of hard spheres, the equilibrium hard-sphere suspension is well studied and much of the information is now available in texts. [2] [3] [4] Despite the relative simplicity of the sheared hard-sphere system, the microstructure of sheared hard-sphere systems is much less thoroughly understood than that of the equilibrium system. For gases, the shear rate must be very large for shear velocities to become comparable to the thermal speed of the gas at typical temperatures, and the practical motivations for study of the distortion by shear appears to be limited. Simulations have, however, demonstrated that strong shearing distorts the pair distribution function in a hard-sphere liquid. 5 The distortion of the microstructure was analyzed by decomposing g(r) into spherical harmonic components, and the results illustrated that the expansion converges more slowly ͑higher harmonics are needed to capture the behavior͒ once the inverse shear rate becomes sufficiently large for its inverse to be comparable to the characteristic relaxation time in the liquid. Because colloidal particles move due to Brownian motion in the absence of flow, and particles in practical applications of suspensions such as paints and coatings are often of micron scale, readily accessible shear rates lead to PeуO(1)-thus, coupling of flow to the microstructure is to be expected at physically realizable and practically relevant shear rates. A consequence of this microstructural response is that the rheology of the mixture is qualitatively altered from that of the equilibrium mixture.
Owing to the spherical symmetry of its structure, the equilibrium colloidal suspension has a Newtonian rheology, and a perturbation analysis for dilute suspensions by Batchelor 6 showed that to O(Pe) the suspension remains Newtonian. The non-Newtonian characteristic that is most directly reflective of the microstructural anisotropy is the presence of shear-induced normal stresses in the mixture. Brady and Vicic 7 carried a similar analysis to O(Pe 2 ) at which level they found a structure predicted to generate normal stress differences. A theoretical approach for sheared colloids presented by Wagner and Ackerson 8 examines the structure factor, which is given by the Fourier transform of g(r), through a spherical harmonic expansion. This work provided formal relationships between the pair structure and the thermodynamic and hydrodynamic particle contributions to the bulk stress, showing that only low-order harmonics are required to capture the non-Newtonian quantities. Bender and Wagner 9 coupled experiment with similar theory by developing a stress-optical rule based upon flow-induced dichroism that allowed the separation of the Brownian and hydrodynamic stresses in a highly concentrated sheared colloidal dispersion; they further showed analytically and experimentally that shear thickening observed in these systems is correlated with an increase in turbidity of the colloid and that this may be ascribed to increased pair correlation at contact.
Experimental studies of suspension structure beyond these light-scattering methods are sparse. For suspensions of large particles ͑100 m-1 mm scale͒ where colloidal effects are negligible, recent videoimaging studies of the pair structure of rough spheres under shear have been made. 10 These experiments agree with the basic features of angular distortion of g(r) found in the simulations of the present study, but are limited in their resolution capabilities. The presence in any experiment of nonhydrodynamic forces resulting from roughness, surface charge or van der Waals forces is a factor not accounted in these simulations. While this reduces the direct correspondence between simulation and practical suspensions, a positive aspect is that by eliminating any such extraneous influences, we isolate the hydrodynamic and Brownian force balance for study. We note, however, that the extremely large values of g(r) found at contact of a particle pair under this simplification suggest that any near-contact nonhydrodynamic interactions are likely to have significant effects upon the particle microstructure, and an experimental study of particle roughness effects 10, 11 may prove valuable in guiding future simulations inclusive of such effects.
Simulation by the Stokesian Dynamics method 12, 13 appears to be the best means of obtaining detailed information about hydrodynamically interacting suspensions. Although the microstructure of strongly sheared suspensions is understood to be characterized by a large accumulation at contact and angular distortion of the pair probability, this work shows these features at a level of detail and for a range of conditions previously unconsidered. Early simulations probing the structure of sheared Brownian suspensions by Brady and Bossis 14 have been followed by several further studies, 13, 15, 16 including the study of Brownian suspensions over a range of and Pe by Foss and Brady. 16 The latter authors described a thorough examination of the connection of the structure to the bulk stresses and particle selfdiffusion. A common feature in these prior studies was that the structural asymmetry was shown to lead to nonNewtonian normal stresses, and in theoretical work, 1 g(r) was shown to have a boundary-layer in the regions of compression where particles are in the approach due to the shear flow, of radial extent O(a Pe Ϫ1 ), with g(2)ϳPe; g(2) is used to denote the contact surface values of g(r) and has angular dependence. The prior simulational studies were largely devoted to a consideration of the manner in which structure impacts upon bulk properties. A focused consideration of the details of the large-Pe microstructure, and the manner in which sampling of the pair distribution impacts upon results of the type performed here, has not been published to date.
Although g(r) at Peӷ1 is markedly different from the spherically symmetric g(r) at the same , there is continuous variation as the influence of the shear flow increases. One of the features held in common is the presence of excluded volume effects, by which we mean the effects a par-ticle occupying a volume imposes upon neighboring particles. Excluded volume has profound effects at equilibrium, as it is responsible for the ''nearest-neighbor'' maximum of g(r) at contact and the local minima and maxima ͑''peaks and valleys'' with respect to r͒ away from contact at elevated . The motivation of our work has been to understand issues uniquely accessible to simulation, with the goal of capturing both the pair correlational asymmetry in the contact boundary layer as a function of and Pe, and the spatial decay of correlation from its contact value. This requires extended computations, as it demands simulating relatively large systems so that information beyond the next-nearest-neighbor peak is statistically meaningful, while using a sufficiently small time step to resolve the boundary-layer correlation.
Certain results of our simulations are expected from theory, including the pronounced growth with Pe of pair probability at contact, 1, 17, 18 as well as the increase of g(2) with at a fixed Pe. The latter is due to both to the increase in hydrodynamic stresses and the decrease in Brownian diffusion as increases. 19 The Pe dependence of g (2) is, however, found to be weaker than the g (2) ϳPe predicted by Brady and Morris.
1 Associated with the increase of g (2) with Pe, the theory predicts that the suspension shear thickens and these simulations, like those of Phung et al. 13 show this behavior. The angular distortion of g (2) is expected, but the results presented here are new, and in some cases quite striking: e.g., a suspension of ϭ0.3 at Peϭ1000 has g (2) varying from zero to greater than 400. No theoretical work to date describes the variation with Pe of the longer-range structural features present at equilibrium as the result of excluded volume interactions, although closures of the manybody interactions have been considered for hydrodynamically interacting particles, as noted in Sec. II C. A result that has not, to our knowledge, been noted in previous work is that the position of maximum pair probability shifts from near the compressional axis to the flow direction as the volume fraction is increased from ϭ0.3.
The outline of the work is as follows. The pair microstructural variables, sampling procedures, and Smoluchowski equation are presented in the following section. The steady Smoluchowski equation describes the balance of advection and Brownian motion ͑modeled as a diffusion on all scales͒ of the pair probability in the suspension, and is presented because it has been solved in an approximate form to obtain theoretical predictions for the structure, against which we compare the simulation results. The simulational technique is presented in Sec. III. Results of the structural sampling are presented in Sec. IV. Conclusions drawn from this work and other final remarks are presented in Sec. V.
II. PAIR MICROSTRUCTURE
We present the basic definitions of the microstructural variables, focusing on the sampled pair distribution function. The microstructural results presented in this work are taken directly from Stokesian Dynamics simulation, and the Smoluchowski equation is introduced only for the purposes of interpretation and comparison with theoretical work that has used this basis.
1,6,18 -20

A. Probability definition
The simplest measure of the microstructure of a suspension of monodisperse spheres is the pair distribution function, defined as
where P 1͉1 (r) is the conditional probability of finding a particle at the position r, given that there is a particle centered at the origin; P 1͉1 is formally obtained by integration of the N-particle configuration probability P N (x N ) over the center of mass coordinate for the pair and the coordinates of the remaining particles, x 3¯xN .
The pair correlation function h(r)ϭg(r)Ϫ1 is often used in statistical mechanics of liquids and gases, but we will use only the pair distribution function. The pair distribution function is a reduced probability distribution and is thus a static description of one aspect of the particle arrangement. As such, g(r) contains no direct dynamical information. The information captured directly by g(r) provides a description of the symmetry, localization, and spatial persistence of the correlation of particle position about a body of known position.
B. Sampling procedures
Rather than employing the formal definition ͑1͒, the evaluation of g(r) is performed directly by sampling of the pair separation vector from configurations determined by dynamic simulation. At any sampling time, the position vector of each particle relative to every other particle in the simulational unit cell is determined. This leads to N(NϪ1)/2 independent vectors for N particles in the unit cell. A histogram of the occurrences of the vectors is generated by making a grid on the rϭ(r,,) pair space and determining into which finite volume ⌬Vϭr 2 ⌬r sin ⌬⌬ each falls. This operation is repeated at each sampling time to yield a running histogram M (r,,;), where ͑r,,͒ defines the midpoint in each coordinate direction of the sampling bin, and is the number of sampling instants. Note that, as shown by Fig. 1 , the coordinate angles are defined such that is the azimuthal angle, measured from the positive z axis, while is the polar angle measured counterclockwise from the positive x axis. The simple-shear flow is given by uϭ(␥ y,0,0).
where the right-hand side denominator represents the a priori expectation value, in the absence of knowledge of any particle position, of the number of occupancies of a bin of this volume by a particle center in samplings. We seek to find the steady g. The information needed to generate the sampling is available at each time step for other purposes in the simulation, and was typically performed at every tenth time step ͓(⌬t) sample ϭ10⌬t, or ϭt sample /10⌬t͔ after rejecting the initial ␥ tϭ2. Rather than maintaining M throughout simulations of considerable duration, a periodic evaluation of g was performed and stored, and the histogram generation procedure was restarted with all entries of M reinitialized to zero. The update of g viewed strictly as a function of time was then a simple matter of performing the operation g(t)ϭ͓t 0 g(t 0 )ϩ(tϪt 0 )g(tϪt 0 )͔/t with g(tϪt 0 ) evaluated using ͑2͒ with the number of samples taken on tϪt 0 . This procedure proved useful in allowing us to examine the approach of g to a steady distribution.
Accurate determination of the pair distribution function requires consideration of both statistical validity and spatial resolution. To obtain statistical validity of the values of g(r) uniformly throughout the pair space, the histogram must generate sufficient entries in all bins that statistical fluctuations represent a small fraction of the measured values. To resolve the spatial variations of g(r) requires that the sampling of r be performed on a mesh that is sufficiently dense for all variations. The issue of statistical validity has been resolved by the pragmatic approach of considering individual or sets of simulations at a given condition that are of large total strain ͑the product of ␥ and total simulation time͒. Because the appropriate averages for the material properties of the mixture are ensemble averages, we are making the ergodic hypothesis that samples taken over time in a single run are from a sufficient portion of the relevant phase ͑here only configuration͒ space to yield a good representation of the true structure, aside from finite-system size effects. Multiple initial conditions were used for all conditions simulated, with the benefit of sampling along a different trajectory in the configuration space.
Resolving the spatial variation requires more care for strong-shear conditions. Under strong shear, theoretical results described in Sec. II C and results from prior simulations 13 lead to the expectation of large values of g(r) for r/aϪ2Ӷ1, with the theory based upon a boundary-layer analysis 1 predicting rapid variation of the correlation over a layer of thickness O(a Pe Ϫ1 ). In order that the sampled microstructure accurately reflect variation on this scale requires that many, or in practice at least several, radial sampling bins be distributed within the predicted layer. For most of our work, the standard discretization mesh used for the sampling volumes was selected after a number of trials at ϭ0.3 and ϭ0.45 to have the sampling volume, or bin, nearest contact radially centered at r/aϭ2.0005, and all results are based upon this meshing unless a different value is explicitly stated. The angular discretization is fixed for all results presented at 3.6°/bin ͑/50 rad/bin͒ for both coordinate angles and . The radial scaling was increased by a constant factor in proceeding outward from contact. Denoting the radial discretization points as r i ͑using distances made dimensionless with a here͒, our standard discretization uses r 1 Ϫ2ϭ10 Ϫ4 , while (r iϩ1 Ϫr i )/(r i Ϫr iϪ1 )ϭ1ϩ␣; ␣ϭ1.09 proved a convenient value. A discussion of the role of this sampling volume dimension is presented at the end of Sec. IV B, where it is shown that decreasing the radial extent of this sampling volume yields a small but not negligible variation in the sampled contact values for concentrated suspensions, and a larger variation in the most dilute cases simulated. In Foss and Brady 16 the values of g (2) are significantly smaller than the values obtained in this study, although the scaling with Pe at a given is, for Pe not too large, similar ͑see Fig. 4 later͒. This may result from insufficiently dense meshing of the boundary layer at contact, or from the use of larger time steps at Peӷ1 by these authors. A summary of the simulations from which data have been taken at the standard sampling conditions in this work is presented in Table I ; the total strain at a condition results from simulation commencing from two initial conditions except in the case of ϭ0.3 and Peϭ1000 ͑four initial conditions͒.
C. Smoluchowski equation and theoretical predictions
The evolution of the N-particle configurational probability is governed by
where j ␣ is the probability flux associated with the motion of particle ␣ and summation from 1 to N over repeated indices is implied. Derivatives subscripted as " ␣ indicate differentiation with respect to the position of particle ␣. When the influence of Brownian motion is modeled as a diffusion on all time and lengh scales, with a configuration-dependent diffusivity tensor, the flux may be written as
yielding the Smoluchowski equation
͑3͒
where P N (x N ) is the probability distribution for the N-particle configuration x N ; U ␣ is the hydrodynamic velocity ͑including the bulk flow͒ of particle ␣; D ␣␤ is a diffusivity and is related to the mobility of particle ␣ due to a force on particle ␤ by D ␣␤ ϭkTM ␣␤ ; and V N is the N-particle potential energy function, from which the conservative force on a particle due to all others can be determined as F ␣ ϭϪ" ␣ V N . For the conditions considered in this work, no interparticle potential is active; the hard-sphere potential has no dynamical consequences because the hydrodynamic interactions allow no relative motion-and hence no probability flux-when particles are at contact. It is important in this context to recall that both U ␣ and D ␣␤ are configurationally dependent. Analytical and numerical progress with the Smoluchowski equation at a large shear rate has been limited, to our knowledge, to cases in which the correlations between three and more particles are neglected, which is strictly legitimate only in the dilute limit. Several studies that have taken this approach will be discussed here. 1, 6, 7, 18 The equation governing the steady pair probability P 1͉1 may be derived formally from ͑3͒ by integration over the coordinates of x 3¯xN and the center of mass of the pair. The resulting equation for gϭ P 1͉1 /n in the absence of interparticle forces, written in dimensionless form, is Pe ٌ"͑U r g ͒Ϫٌ"͓D r "ٌg͔ϭ0, ͑4a͒
n"j r ϭ0, at rϭ2, ͑4b͒
g→1, as r→ϱ. ͑4c͒
Here, U r ϭU 2 ϪU 1 and is made dimensionless with ␥ a, D r ϭ(D 11 ϩD 22 )Ϫ(D 12 ϩD 21 ) is the pair relative diffusivity and is made dimensionless with D 0 ϭkT/6a; note that both of these quantities vanish at particle contact when hydrodynamic interactions are computed. The relative flux, j r ϭj 2 Ϫj 1 , satisfies a no-penetration condition at contact. Differentiations are with respect to the pair separation rϭx 2 Ϫx 1 . Distances are made dimensionless by a.
In the work of Batchelor and Green, 18 the pair distribution of hydrodynamically interacting hard spheres was studied for Pe Ϫ1 ϵ0, thus reducing ͑4͒ to just the first left-hand side term, with the single farfield boundary condition. The work considered only extensional flows, thus eliminating the indeterminacy associated with the closed pair trajectories in simple shear and other flows with vorticity. The key prediction of this work was that g is spherically symmetric and divergent at contact, going as gϳ(r/aϪ2) Ϫ0.78 with logarithmic corrections; the physical basis for the correlation at contact in this study is found to be the divergence of the relative velocity of a pair, "•U r . The inclusion of Brownian motion results in an advection-diffusion equation for the steady g(r). Batchelor 6 considered this equation for dilute suspensions of hard spheres in weak shear, PeӶ1, showing that g(r)ϭg eq ͓1 ϩPe n"Ê "nf (r)ϩo(Pe)͔, where f (r)ϳr Ϫ3 , consistent with the quadrupolar angular dependence n"Ê "n; Ê ϭE/␥ is the dimensionless shear rate, where ␥ is defined in terms of the rate of strain as ␥ ϭ(2E:E)
. Note that vorticity does not play a role in this result, and because Brownian motion dominates and allows particles to cross the hydrodynamic closed trajectories, the results are valid for simple-shear flow. For simple shear Uϭ(y,0,0), the distortion of g is predicted to have symmetry within the shear plane of Ϫxy/r 2 or Ϫcos sin ͑recall that is the angle from the x direction͒. The rheological influence of g(r) can be computed for dilute suspensions, and Batchelor demonstrated that the weak-flow distortion computed to O(Pe) results in a Newtonian rheology. Brady and Vicic 7 carried this structural calculation to O(Pe 2 ) and demonstrated that the structure predicted at this level results in normal stress differences.
At large Pe, the advection-diffusion equation for g(r) has a boundary-layer structure, when considered in its linearized form. This form, which neglects many-body correlations, was studied by Brady and Morris 1 under two additional simplifications. The first was to consider only extensional flow to eliminate the issue of closed streamlines noted above, which enters here because the ''outer'' solution used for matching to the ''inner'' boundary-layer solution for g(r) is that of Batchelor and Green. 18 The second was to consider only the balance of radial fluxes due to the shear flow and Brownian diffusion. The boundary layer was found to scale as a Pe Ϫ1 , while g(2)ϳPe 0.78 for true hard spheres and g (2) ϳPe if any roughness or repulsive interparticle force was included. The latter scaling, which is based upon modeling the nonhydrodynamic effects as resulting in a minimum pair radius of 2bϾ2a, which breaks the symmetry of the pure hydrodynamic interaction, yields a prediction of normal stress differences scaling as ␥ 2 and pair interaction-induced hydrodynamic self-diffusion scaling as ␥ a 2 in the limit Pe Ϫ1 →0 and Ӷ1. For the true hardsphere system, these non-Newtonian stresses are predicted to vanish in the pure hydrodynamic limit, as Pe Ϫ0.22 . Often in transport phenomena, one associates a wake-a region on the downstream side of a body where the residual effects of the body on the field of the transported quantity are apparent-with a boundary layer. However, theory 1 has not addressed the wake because the methods of boundary-layer theory breakdown in the wake, and it is one of the goals of this study to elucidate the role of vorticity and the form of the wake in the quantity g(r).
The role of many-body interactions is critical to microstructure at separations beyond the boundary layer, as evidenced by the excluded volume peaks for hard-sphere systems, and the work of 20 The first 19 describes a renormalization of the thermodynamic interactions and tests of three-body closures in weak shear flow of a Brownian suspension. The latter 20 utilizes a hypernetted-chain closure of three-body interactions along with averaged pair hydrodynamics to address the structure of a concentrated suspension in weak steady and high-frequency small-amplitude shear flow. In the comparison with theory, we consider the near-contact structure by boundary-layer theory, 1 seeking to determine the applicability and limits of this relatively simplistic approach. Consideration of the role of many-body interactions in strong shear is deferred to later work.
D. Rheological influence of pair probability
Our goal here is to address the role of microstructure itself rather than the bulk stress. However, because the rheological properties are affected in a qualitative fashion by the structural distortion caused by flow, motivation for the consideration of g(r) is provided by considering the structureproperty relation for the stress in a suspension. The stress due to the particles under the conditions may be written as
where ͗S B ͘, ͗S H ͘, and ͗S P ͘ are the Brownian, hydrodynamic, and interparticle force stresslets, respectively, with the detailed form in terms of hydrodynamic functions presented elsewhere. 1, 21 For the strong shear conditions of interest, the hydrodynamic contribution dominates the total particle stress if S P ϭ0, as it is here. We consider an isolated pair of hard spheres, driven toward contact by a general linear flow, U ϱ ϭG"x. The interaction of these particles results in a bulk stress contribution over and above their isolated hydrodynamic stresslet ͑the symmetric first moment of the surface traction͒ that yields the Einstein viscosity contribution of 5/2. To obtain the simplest version of this problem, we remove Brownian motion and prescribe that particles experience isolated particle hydrodynamics ͑e.g., drag due to a slip velocity relative to the fluid͒, but do not interact hydrodynamically. In this case, the particles progress along streamlines until they reach contact, with only initial conditions yielding contact of present interest, at which point the hard-sphere interaction exerts an equal and opposite force along the line of centers of the pair to maintain separation of centers at rϭ2an, where nϭr is the unit vector along the pair line of centers. Dimensional terms are used here. The magnitude of the force is determined by the viscous force that it must balance, ͉F͉ ϭ͉6an(n"G"r)͉ϭ͉12␥ a 2 n(n"Ê "n)͉. Only the symmetric portion, Ê , of the dimensionless shear rate, G/␥ , contributes to the contraction with nn. The net force is zero but the stress contribution is given by the moment of the force as SϭϪrFϳ␥ a 3 nn(n"Ê "n). The average stress depends upon the probability of finding the particles at a given point on the contact surface, i.e., at a given n, and the total stress from the interactions will be
where d⍀ is the element of the solid angle. The stress in this interaction may be ascribed to the interparticle force. However, if we now prescribe that the problem be the true interaction of the pair of hard spheres at low Reynolds number, the interparticle force maintaining separation of the particles is replaced by hydrodynamic interactions with each particle force-free. Upon close approach, this interaction is dominated by the lubrication force in the near-contact patch, which-because it balances the same ''external'' force on the remainder of each particle to yield force-free particles-has the same scaling and direction as the interparticle force described just above. The average stress requires volume integration weighted by P 1͉1 ϭng(r) over r; it has previously been shown 1 that the scaling of this volume integral is with the contact value of g for Peӷ1 in a dilute suspension, and thus the hydrodynamic stress under strong shear is expected to be of the form
For rheological analysis, microstructural issues of primary relevance are then the magnitude of g at contact and its geometric form. For example, if g is spherically symmetric, the surface integration reduces to a term proportional to Ê , and the stress has the Newtonian form S H ϰ␥ a 3 g(2)Ê . Hydrodynamic normal stress differences and an isotropic particle stress 22 due to the interaction require that g be anisotropic. Foss and Brady 16 have analyzed stress results from Stokesian Dynamics simulations in terms of this scaling and found good agreement.
III. SIMULATIONAL METHOD
The simulations were performed by Stokesian Dynamics, with the implementation described in Phung et al. 13 These simulations are three dimensional and use cubic unit cells with Ewald summation. The influence of Brownian motion is incorporated through an algorithm originally described for use in the Stokesian Dynamics method by Bossis and Brady.
14 The method has been extensively discussed in a number of references, including the basic method starting from the Langevin equation description of particle motion and several applications, 12 details of the dynamic simulation method, 23 and issues related to Brownian motion.
12-14
Hence, we will only sketch the method here. Stokesian Dynamics is a method for the solution of particle motions in zero-Reynolds-number fluid flow situations. The method begins from the Langevin equation for the particle motion,
and does not calculate the fluid motions. All fluid mechanical information is, in fact, precalculated based on single-and pair-body ͑two sphere for the case of interest in this work͒ motions in linear flow fields,
where V ϱ is a uniform translation, ⍀ ϱ is the bulk vorticity, and E ϱ is the bulk rate of strain. The method takes advantage of the linearity of the hydrodynamic equations of motion in this limit to relate the particle motions ͑relative to an imposed bulk motion͒, and the force moments taken over the particle surfaces through a tensor dependent only upon the particle positions, written in the mobility or resistance formulation, 24 respectively, as
where U represents the deviation of the particle motion from the imposed flow, F represents the hydrodynamic force moments on the particles, M is the grand mobility tensor, and R is the grand resistance tensor. This indicates that M ϭR Ϫ1 ; note that both M and R depend only upon the instantaneous configuration.
Because the particle motions are determined by manybody interactions while, as noted above, the method utilizes only pair interaction information for the entries in R and M, an approximation is required. The approximation is based upon using the resistance formulation at small pair separations where lubrication interactions are dominant, R two-body lub , and the mobility formulation at large separations, M ϱ , with the approximation to the grand resistance given by
where the final term removes the contribution to the lubrication interaction doubly counted ͑removal is to the level computed by the mobility inversion͒. A crucial factor in the success of the method for concentrated systems is that the pair interaction near contact is dominated by the singular lubrication interaction, which is intrinsically a two-body problem. In practice, the force moment is typically truncated after the first moment ͑torque and stresslet͒, with motions described to the level of a linear flow ͑rotation and straining͒, as detailed in Brady et al.
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To date, the computation of particle motions by Stokesian Dynamics has been dominated by the inversion of the mobility, which is an O(N 3 ) operation for N particles in the simulational unit cell. Implementation of iterative methods for solving the matrix equations of Stokesian Dynamics has recently improved the speed of the technique. 25 The capability of handling large numbers of particles or of performing dynamic simulations to extended strains is increased markedly by this, but such an approach was not implemented here. This study was begun well before these developments.
The simulations in this work have been carried out to strains of 35р␥ tр900, with Nϭ81-242 particles in the unit cell; the number of particles in a simulation, the time step employed, and the conditions of and Pe simulated are listed in Table I . The dimensionless time step, ␥ ⌬t, has been chosen sufficiently small that the particle motions near contact is able to adequately sample the theoretically predicted narrow boundary layer of elevated correlation. For Pe ϭ1000, the theoretical prediction of a boundary layer of O(a Pe Ϫ1 ) indicates that the time step should be such that many steps are taken in the time necessary for a pair of particle to change their separation by O(10 Ϫ3 a). We have varied the time step based upon a balance of factors, including this criterion, avoiding overlap, and computational efficiency. The values of ␥ ⌬t are shown in Table I , and vary from ␥ ⌬tϭ5ϫ10 Ϫ5 Ϫ5ϫ10 Ϫ4 for Peϭ1000. Larger required smaller time steps to avoid overlap, in part because of the very close packing and presumably also because the hydrodynamic forces increase with , leading to a larger ''effective Pe.'' Complete elimination of overlap demands extremely small time steps and the computation thus becomes prohibitively time consuming. Overlap was, however, rare and typically less than 0.005a in these simulations, and was remedied by setting the particles at rϭ10 Ϫ8 a along the same line of centers.
The bulk of the simulations were performed on DEC 600 a.u. workstations. On this workstation, an example of the computational time is given: for simulation to ␥ tϭ50 for Nϭ124 using a time step of ␥ ⌬tϭ5ϫ10
Ϫ5 with microstructural sampling at every tenth time step required approximately 900 CPU hours.
IV. SIMULATIONAL RESULTS
The majority of the work to be described examined suspensions flowing at large shear rates. Recall that in a monodisperse equilibrium hard-sphere system, the microstructure is a function of only. For the same system carried out of equilibrium by shear, the only additional dimensionless coordinate is given by the ratio of shearing to thermal motions characterized by the Péclet number, which we recall is defined here as Peϭ6␥ a 3 /kT. While this is a valid dimensionless description, it should not be taken to imply that the role of hydrodynamic effects is independent: as increases, particles are driven together more strongly by the shearing as reflected by the increase of the effective viscosity with , while the Brownian motion becomes hindered as reflected in the decrease of the short-time self-diffusivity D 0 self () with .
21 Because suspensions at large Pe are far from the well-known equilibrium state, it is useful to focus initially upon the manner in which an increasing shear rate carries the system progressively away from equilibrium. This is done for ϭ0.3 and ϭ0.45. This is followed by consideration of the microstructure of suspensions at a large shear rate for several volume fractions in the range 0.2р р0.585. We recall that all simulations are of hard-sphere suspensions in simple-shear flow with the dimensionless form Uϭ(y,0,0).
A. Variation of Pe: Ä0.3 and Ä0.45
We begin by presenting results of the contact value of the pair distribution function in the shear plane for ϭ0.3 and ϭ0.45. Note that the ''contact value,'' which will be termed g (2) , is actually g(r) determined for the sampling volume adjacent to contact.
The first results we consider are those for a suspension of moderate concentration, ϭ0.3, at Peϭ1, 25, and 1000, presented in Fig. 2 . The values of g(2;) on the plane of shear, or the zϭ0 plane, are plotted. At Peϭ1, the spatial distribution about the mean value in the shear plane is seen to be nearly symmetrically distributed, with the maximum at an angle of Ϸ135°and a minimum at Ϸ45°, where is defined positive starting from ϭ0 along the mean flow direction. Note that ϭ45°and 135°are along the extensional and compressional axes, respectively, of the straining portion of the shear flow, and thus the predictions of dilute theory for small Pe by Batchelor 6 of g (2)ϰϪn"Ê "n are in qualitative agreement with our results for Peϭ1 at this volume fraction. At Peϭ1000, the maximum shifts slightly toward the flow axis, with the maximum at Ϸ150°. Elevation of the mean g (2) relative to the equilibrium value is characteristic of the influence of the shear flow. However, the angular variation is pronounced at large Pe, and the pair probability at contact is found to go to zero for ϭ27°-41°at Peϭ25 and for ϭ16°-56°for Peϭ1000. The maximum values of g(2) observed over the entire contact surface are the maxima in the shear plane, and these are g(2)ϭ35 and 450 for Peϭ25 and Peϭ1000, respectively. The elevation above the equilibrium value is found to increase strongly with Pe but does not follow precisely the scaling of g (2) ϳPe predicted by the dilute theory of Brady and Morris. 1 The observed scaling is discussed further below.
We present plots of the shear plane g(2) for a suspension of ϭ0.45, again at Peϭ1, 25, and 1000 in Fig. 3 . The features are, in general, similar to those of ϭ0.3, with elevation of the mean contact value relative to the equilibrium and regions of excess and reduced correlation. At Peϭ1, there is, however, not a smooth monotonic variation between minimum and maximum values of g on this plane, as a pair of secondary maxima are found at ϭ168°and ϭ180°, with the positions of the primary maximum and minimum correlation found to be at Ϸ115°and ϭ38°, respectively. The correlation along the streamwise direction becomes dominant for higher Pe, as the primary and secondary maxima at ϭ0.45 reverse their position order as Pe increases. The primary maximum is found for Peϭ25 at ϭ175°, and for Peϭ1000 at ϭ170°. The contact value at Peϭ25 is found to be below unity for Ϸ20°-50°, and g ϭ0 from Ϸ30°-38°, which means that no pairs were found at contact for the entire simulated flow. We recall that sampling commenced after discarding the initial ␥ tϭ2 from any simulation to eliminate contamination of the data by the random initial condition. For Peϭ1000, a region of depleted correlation is again found, and g(2)Ͻ10 ͑less than one percent of the maximum value on the surface͒ for ϭ25°-40°.
The scaling of g (2) with Pe is not as large as the theoretical prediction 1 for dilute of g (2)ϳPe. Results from (2)ϵg(2)Ϫg eq (2) for ϭ0.45 are plotted in Fig. 4 , and the regression of these points yields a scaling of ⌬gϳPe 0.70 for both lines, and a similar scaling is found for ϭ0.3. We have also plotted this difference in g (2) , as reported by Foss and Brady 16 for ϭ0.45. The scaling ⌬g(2)ϳPe 0.7 appears to hold for these authors' results up to Peϭ100 but fails at larger Pe. The generally smaller values of g (2) reported by Foss and Brady, taken together with our finding described below that, reduced sampling volume adjacent to contact generally results in larger values of g (2) , suggests that the sampling volume in the earlier work was too large to accurately capture the contact correlation. The larger time step in these authors' work may also play a role.
We now compare these results with theoretical predictions. Theory describing the influence of linear flow upon the pair distribution function of a dilute suspension of hard spheres in the absence of Brownian motion, Pe Ϫ1 ϵ0 or the ''pure hydrodynamic limit,'' 1 was presented by Batchelor and Green 18 in 1972. The work addressed g(r) for a pair of spheres isolated in simple shear flow at Reϭ0; because there exists a region of closed trajectories 17 for the pair in the simple shear flow, the work considered only pure extensional flow, but is, in principle, valid for pairs whose trajectories do not begin within the region of pair space leading to closed trajectories. The work predicted that the pair distribution function is spherically symmetric and diverges at contact for this case, implying shear flow generates a divergent correlation, but the divergence was predicted to be weak enough to allow calculation of the increase in the viscosity of the suspension due to the structural distortion. A comparison of the microstructure of simulations at Peϭ1000 for both ϭ0.3 and ϭ0.45 with the theoretical prediction of Batchelor and Green is presented in Fig. 5 . The spherical symmetry predicted by the theory was shown above not to hold, and this plot presents only the spherical mean of g(r), or g s (r). Figure 5͑a͒ shows the near-contact results, while 5͑b͒ shows results that extend to r/aϾ3, where excluded volume affects the concentrated suspension results. As seen in Fig. 5͑a͒ , the theoretical curve rises above the simulationally determined g s very near contact, but for the remainder of the domain r/aр2.1, theory and simulation results are remarkably similar. The similarity of g in this range of r/a for the two and the dilute theory is striking and may be more than simply fortuitous. This is suggested FIG. 3 . Shear plane values adjacent to contact of the sampled pair distribution function for a suspension of ϭ0.45 at ͑a͒ Peϭ1, ͑b͒ Peϭ25, ͑c͒ Pe ϭ1000, and ͑d͒ these three values of Pe on a single plot with g on a logarithmic scale. The data presented are taken from the smallest-radius sampling bin in the pair space, which is centered at a radial separation of 2.0005 a, where a is the sphere radius.
based on the following considerations of dilute microstructural theory for both large and infinite Pe, and the similarity of hydrodynamics in the near-contact interaction, even for large . The variation of g in the theory of Batchelor and Green is based on a consideration of the role of the divergence of the pair relative velocity, ٌ"U r , and predicts an extreme accumulation of correlation adjacent to contact, where the physical constraint of no penetration forces pair trajectories to be highly compressed; the theory of Brady and Morris, 1 on the other hand, considered the balance of the radial flows of pair probability due to linear flow and to Brownian motion and showed that for large Pe, the Brownian motion was effective in balancing advection only in the narrow boundary layer of O(a Pe Ϫ1 ). While the hydrodynamically influenced motions of particles in a concentrated suspension are complicated, it is clear that for separations of r/aϽ3, the surfaces of a pair of spheres are separated only by fluid. Thus, it is plausible that the microstructure for small separations is controlled by the influence of the divergence of the relative velocity, with Brownian or interparticle forces needed only very near contact for hard spheres. Excluded volume and detailed many-body hydrodynamic interactions must be accounted once r/aϪ2 is no longer small, as seen in Fig. 5͑b͒ . This conjectural argument addresses only intermediate values of separation, meaning small r/a but outside the boundary-layer interaction.
B. Varying , PeÄ1000
We now consider several concentrations, all flowing at Peϭ1000. In Figs. 6 and 7, g (2) in the plane of shear for suspensions under shear at Peϭ1000 is plotted for volume fractions ϭ0.2, 0.3, 0.33, 0.37, 0.45, 0.5, 0.55, and 0.585; in order to illustrate the data clearly, Figure 6 shows the concentrations р0.45, while Fig. 7 shows results for the concentrations у0.45. The relative likelihood of finding a pair at contact is observed to increase strongly with ; since g is a probability normalized by the mean number density, this is a reflection of enhanced correlation, not the increased concentration. The ϭ0.2 suspension exhibits a maximum near the compressional axis, ϭ135°, and, as noted above, this is true of ϭ0.3 as well, although the tendency toward a maximum in g at slightly larger is observed at this concentration. The more concentrated suspensions exhibit a definite maximum in pair correlation at angles near the flow direction, ϭ0°and ϭ180°, with a secondary maximum within the compressional quadrant. The transition, with respect to , to a structure with g(2) maximized along the flow axis appears to occur smoothly over the range of 0.3 рр0.37, as seen in Fig. 6. In Fig. 7 , the primary feature of note is that g (2) within the shear plane for the range 0.45 рр0.585 and elevated Pe has quite similar form, with the primary maximum near ϭ180°and a secondary minimum of roughly one-half the magnitude of the primary. The general trend is for g (2) to increase with , although g(2) for ϭ0.50 and ϭ0.55 is seen to be very similar.
Although specifically addressing dilute suspensions, it is noted that theory 1 predicts a maximum in g(2) on the compressional axis for large Pe, with an accumulation of correlation at contact over the remainder of the compressional quadrant; the depletion of correlation is suggested by the theory, but was not addressed. The presence of a primary maximum in g(2) near the compressional axis for ϭ0.2 and ϭ0.3 suggests that the simplifications associated with the study of pair interactions near contact in this theory based on the Smoluchowski equation retain the essential aspects of the interaction to predict the primary features of the microstructure. At larger , the continued observation of elevated ͑though subdominant͒ pair correlation at contact over the entire compressional quadrant of the shear plane confirms the physical argument that a balance of weak thermal motion and strong shearing generates a strong but anisotropic accumulation of pairs at contact; as noted above, the scaling of g (2)ϳPe is not observed, as the growth with Pe is weaker. The anisotropy predicted by the theory suggested the formation of a region of depletion which, to be consistent with the boundary layer structure of the accumulation, is termed the associated ''wake.'' In both Fig. 6 and Fig. 7,  g(2) is seen to be small relative to the remainder of the curve at all for 30°рр55°. This region of depleted correlation is not easily addressed by analytical theory.
There is, in general, dependence of the contact value, g (2) , upon the size of radial bins used for the sampling, and despite substantial attention this study has not completely resolved this issue. We chose the radial sampling volume to be small relative to a Pe Ϫ1 , with the goal of obtaining results that are largely independent of this dimension. The change in g (2) upon halving the bin from the standard conditions of r 1 /aϪ2ϭ10 Ϫ4 was found to be smaller than run-to-run variability for the condition ϭ0.45 and Peϭ1000 when simulated to ␥ tϭ40 in initial studies devoted to 0.3р р0.45; hence, the value was chosen as a standard for the study. This dependence was, however, not completely removed for other conditions, as shown by a study of the effect of further reducing the extent of the first radial sampling bin from 10 Ϫ4 to 2ϫ10 Ϫ5 particle radii for ϭ0.2 and ϭ0.55. Reducing the radial extent of the ''contact'' sampling bin was observed to result in a small increase in the steady g (2) in the compressional quadrant for concentrated suspensions, as seen for ϭ0.55 and Peϭ1000 in Fig. 9͑b͒ ; the simulation using the smaller r 1 is at ␥ tϭ22 ͑rejecting the first ␥ tϭ2͒, with mean g(2) substantially unchanged from ␥ tϭ10, while the simulation under standard conditions was run to ␥ tϭ55. The expectation of a narrower boundary layer in g as increases, based upon the increase in hydrodynamic stresses, suggests the need for smaller sampling volumes at large . In fact, the error is found to be only a few percent in this case, and the choice of a smaller bin size did not require greater time to achieve the converged results due to the very large number of near-contact pairs. The role of the bin size is found to be most pronounced at the smallest simulated volume fraction, ϭ0.2, as seen in Fig. 9͑a͒ . While the general form of g(r) is similar to the results for our standard case, reducing r 1 by a factor of 5, resulted in a more substantial change of the mean g(2) with abrupt angular variation, even at ␥ tϭ50. The standard case had reached an angularly smooth g(2) with a mean that varied little with time after ␥ tϷ20. For purposes of comparison between different suspension conditions, we report values of g based upon the standard sampling discretization described in Sec. II A. The caveat is that the actual values of g(2) from these simulations are potentially systematically slightly larger than those reported for у0.3 and probably substantially larger for ϭ0.2. It is clear from the examination of Fig. 9͑a͒ that the relatively small numbers of events generating the histogram near contact in the dilute suspension demand that the simulations be carried out to larger strains for the dilute fractions; continued study of the role of the bin size to determine completely unambiguous values of g (2) is underway. FIG. 7 . Contact values of the sampled pair distribution in the shear plane at Peϭ1000 for varying particle fraction, 0.45рр0.585. The data presented are taken from the smallest-radius sampling bin in the pair space, which is centered at a radial separation of 2.0005 a, where a is the sphere radius.
C. Bulk stress results
Before considering structural characterization away from contact, we consider briefly the bulk stresses computed at large Pe. In Fig. 8 , values of the relative viscosity, r ϭ⌺ xy /(␥ ), and the normal stress differences, N 1 ϭ͗⌺ xx Ϫ⌺ yy ͘ and N 2 ϭ͗⌺ yy Ϫ⌺ zz ͘ ͑both reduced by ␥ ͒ from the simulations, are presented as a function of . Our simulational results indicate that both N 1 and N 2 are negative and N 1 ϷN 2 for 0.3рϽ0.45, with a significant difference in these two quantities occurring for Ͼ0.45. There is no obvious correlation of these structurally sensitive quantities with the growth of contact correlation along the flow direction. It is, however, notable that the standard deviations of the normal stress differences, presented through the error bar on the N 2 values ͑the standard deviation for N 1 is generally similar to but slightly smaller and is suppressed for clarity of the data presentation͒ become very large for Ͼ0.45 and, in fact, become larger than the mean values. This is in contrast to the viscosity, which has a similar ratio of mean to variance throughout the range of . It is known that concentrated suspensions shear thin at low Pe and shear thicken under strong shear conditions ͑i.e., there is no high shear second Newtonian region͒ and our results for ϭ0.3 and ϭ0.45 at Peϭ1 -1000 confirm the results of prior simulation 13, 16 in this regard, and the reader is referred to these more complete studies of the role of Pe for an examination of these issues.
D. Spatial variation of shear-induced structure
The values of g (2) in the shear plane demonstrate that simple-shear flow at high Pe results in a large accumulation of pair probability at contact and pronounced anisotropy in the microstructure. However, g (2) in this plane provides information neither on the spatial extent of the anisotropy nor on the three-dimensional shear-induced microstructure. We consider the spatial extent of structural anisotropy through plots of g(r) limited to the shear plane; the next section considers three-dimensional structure.
Having considered the evolution with Pe of the contact value of g in the preceding section, we move directly to a consideration of the spatial extent of the large-Pe microstructural distortion at ϭ0.45. This is illustrated first, in Fig. 10 , by comparing the shear-plane structure determined by simulation of a suspension at ϭ0.45 and Peϭ1000 with the equilibrium structure at the same . The structural information is presented in color scale, with the scales in the two plots similar but not identical. Note that the upper limit of gϭ10 for the scale of the results for Peϭ1000 is far too small to capture g (2) : capturing these would preclude visualization of structure away from contact. Comparing the structure under strong shear with that at equilibrium, one can see that the correlation associated with the excluded volume peak away from contact in g eq is distorted and carried to the ''downstream'' side under strong shearing. The next-nearestneighbor peak for g eq (r) appears in the left image of Fig. 10 as a circular ring. This ring is strongly distorted at Pe 9 . The contact value of the pair distribution function on the shear plane for ͑a͒ Ϫ0.2 and ͑b͒ ϭ0.55 obtained using a radial sampling distance of 10 Ϫ4 particle radii ͑standard in this study͒ and 2ϫ10 Ϫ5 particle radii. The simulation of ϭ0.2 using the smaller sampling volume is not converged to a steady g (2) , despite simulation to ␥ tϭ50, whereas the standard condition converged at ␥ tϷ20.
ϭ1000, but residual effects remain visible. In general, away from contact the variation in g is smoothed by shear flow relative to the equilibrium case. The discussion above of Figs. 2-7 showed g (2) to be large at Peϭ1000 with g dropping rapidly to values of O(1) over a boundary layer too narrow to observe on the scale of the image in Fig. 10 . To illustrate the decay of the correlation away from this contact accumulation in quantitative terms, Fig. 11 presents the spherical average of g(r) for ϭ0.45 at Peϭ1, 25, and 1000, with g eq (r) also plotted. Figure 11͑a͒ shows the r domain to values encompassing the second-nearest-neighbor peak, with g s plotted on a linear scale with its upper limit of O(1) to allow differences in the curves to be visible at r away from contact; Fig. 11͑b͒ illustrates the near-contact variation of g s on a logarithmic scale. The mean g s (r) is seen to vary progressively more rapidly near contact, falling from g s (r/aϭ2)Ͼ300 to g s Ͻ2 at r/aϭ2.1 for Peϭ1000. A minimum, similar to that in the equilibrium curve, is observed for all Pe. In general, if we consider the behavior beyond the contact ''boundary layer,'' the deviation of g s from unity under shear is smaller, but with g s Ͻ1 over a wider range in r than for the equilibrium system. Flattening of the extrema in g s (r) away from contact is consistent with the appearance of some smoothing by the shear flow noted above. In Figs. 12͑a͒ and 12͑b͒ , g s (r) is plotted for a ϭ0.30 suspension at equilibrium, and under shear at Peϭ1, 25, and 1000; as for ϭ0.45, the near-contact variation is plotted on a logarithmic scale for g s in Fig. 12͑b͒ . The general tendencies observed for ϭ0.45 are repeated here, with accumulation at contact and flattening of the excludedvolume extrema by shearing. However, the accumulation at contact and the flattening are less pronounced than for ϭ0.45. This is consistent both with the generally weaker excluded volume-induced variation at equilibrium and the weaker hydrodynamically driven interactions in the less concentrated system. Contour plots within the shear plane providing quantitative information on the distortion of g(r) under flow for a suspension at ϭ0.3 are presented in Fig. 13 ; these present results at a greater level of detail than those at the same conditions in the spherical averages of Fig. 12 . Results from Peϭ1 and Peϭ25 are presented in Figs. 13͑a͒ and 13͑b͒ , respectively. The disturbance from equilibrium due to flow increases pair probability near contact in the compressive quadrant, and creates a region of isoprobability contours that close on the surface of the sphere. In the contour plots for Peϭ1, the accumulation of probability at contact in the compressive quadrant is prominent but a true wake-in the sense of a region below the equilibrium g near contact-is not observed. For Peϭ25, the probability distribution is highly distorted and the wake structure is obvious in the contours of gϽ1 that enclose a region bounded by the contact surface. Note in the plot for Peϭ25 that traces of the next-nearestneighbor peak remain as ''islands'' of elevated pair probability rather than a continuous ring.
E. Three-dimensional structure: Spherical harmonic decompositions
The three-dimensional microstructure of the suspension under shear is now considered. Direct visualization of the structural variation out of the plane of shear is shown here only through contour plots of the full contact shear plane. To provide more quantitative information, g(r) has been decomposed into spherical harmonic contributions.
In Fig. 14 , the angular variation of g (2) over the entire contact surface is illustrated for Peϭ1000 and ϭ0.45. This plot is obtained using the data that was decomposed into spherical harmonics and recomposed to the harmonics of level lϭ12 ͓see ͑10͔͒, and is therefore smoother than the raw data. At the contact surface, the values have been plotted on Ϫ axes with ϭ90°the shear plane; the plot was generated for the full contact surface and thus 0рр360°. The white contours identify a lower probability and surround the lowest probability contact positions or ''wake,'' while black contours show the regions of higher probability ͑the boundary layer͒. This figure illustrates that substantially elevated g (2) extends well outside the shear plane, whereas the region of strongly depleted correlation is primarily near the shear plane. There is a sharp increase in the values of the probability from the wake region to the boundary layer near the shear plane, with a more gradual change elsewhere. Note that this simple two-dimensional representation of results from the spherical contact surface increases the area associated with a given change in the angle at 90°. This is particularly extreme near the poles, ϭ0 and 180°, where the points of interception of the contact surface by the positive and negative z axes are represented as lines.
Quantitative information on the three-dimensional structure may be obtained by decomposition into spherical harmonics. Spherical harmonics are well known as the solutions of the Laplace equation on a spherical domain. 26 The shearinduced microstructure of a suspension is not Laplacian, and here these functions simply provide a complete orthogonal set of basis functions convenient for the decomposition and assessment of symmetry properties of a function defined on a spherically bounded domain. We have determined the radial dependence of each of a set of a truncated spherical harmonic decomposition of g(r) for suspensions under strong shearing.
The pair correlation function can be expanded in terms of spherical harmonics Y lm (n) as
In the above equation, the expansion coefficients are
where n is the outward unit normal to a spherical surface and thus dnϭsin dd is the solid angle element on the sphere. The spherical harmonics are given by
where P l m is the associated Legendre function. 26, 27 ͑The nonstandard usage of the angles is applied in order that the angle describing the contact position within the shear plane be rather than , which could be confused with the volume fraction .͒ The angularly averaged pair distribution function is g s ͑ r ͒ϭ 1 4
͵ g͑r͒dn.
͑13͒
Owing to the symmetry of the pair geometry, g(r) ϭg(Ϫr), and there is no contribution from odd values of l and only even values of lу2 need to be considered in Eq. ͑11͒. The summation was further reduced by using the symmetry imposed by the shear flow, Uϭ(y,0,0); this allows only coefficients associated with functions having symmetry under the operation (x,y,z)→(Ϫx,Ϫy,z), and thus odd values of m drop from consideration in ͑10͒.
It is more convenient to work with the real representation of the spherical harmonic functions, defined as
These functions constitute an orthonormal basis set. Equation ͑10͒ is rewritten in terms of real spherical harmonics as
The first few harmonics used are ͑of r͒ to be determined. Hanley et al. 5 found that carrying the expansion to tensor rank 4, or lϭ4, was satisfactory to describe the primary distortion in their simulations of a simple liquid with 864 particles in the unit cell, up to ␥ ϭ0.05, where ␥ is the shear rate of a simple-shear flow and is the Maxwell relaxation time of the liquid. Slow convergence of the expansion was found at larger values of this product. Assuming ␥ to represent a Péclet number for the system, this suggests that many more coefficients will be needed to describe the structural distortion for a suspension when Pe уO(1) and this is, in fact, observed.
At equilibrium, only g s (r) contributes to the expansion of g(r), and the number of harmonics required to capture the spatial variation of g(r) naturally must increase at finite Pe. It is not known whether the number of harmonics required for an arbitrary level of recomposition is monotonically increasing with Pe, but this appears plausible. For large Pe, the need for harmonics of rapid spatial variation, and hence l well above zero, is illustrated by considering the remainder obtained when the sampled data are recomposed from the truncated set of harmonics. We do this by considering the quantity
for points with g sp 0, where g re (r) is the recomposed value of g(r) from ͑15͒ truncated at a value of l; g sp (r) is the value of the pair distribution function determined by sampling, and ⌬V is the volume of the sampling bin. The percentage of data recomposed by these harmonics was defined as Rϭ͑1ϪR ͒ * 100,
͑18͒
and R is plotted in Fig. 15 for a suspension of ϭ0.45 at Peϭ1 and Peϭ1000. Details of the decomposition of g(r) into spherical harmonics for varying and Pe are to be presented in a separate publication. However, it is useful to consider the symmetry properties and their relation to spherical harmonics for purposes of relating the structure to non-Newtonian rheology. As shown previously 16 and described physically in Sec. II D, the hydrodynamic stresses that dominate the total particle stress at Peӷ1 require the integration ͛nnn"Ê "ng(2)dS over the contact surface. Recall that the harmonics at a level l correspond in terms of symmetry to l differentiations of the spherically symmetric r Ϫ1 with l appearances of the vector r, and that the harmonics are orthogonal for lm lЈmЈ. Hence, the harmonics of level lϭ4 are needed to capture the properties of g(r) relevant to its ability to couple with the symmetry of the hydrodynamic stress. The spherically symmetric portion of g, g s (r)ϭg 00 (r) is plotted with the lϭ2 and l ϭ4 harmonic coefficient functions in Figs. 16͑a͒ and 16͑b͒ , respectively. These are labeled g lm , as defined in ͑15͒, indicating the spherical harmonic to which each corresponds. Near contact, all coefficient functions exhibit ''boundarylayer'' behavior, with a large accumulation and rapid varia- tion. In fact, the contact values of the g 4i ͑iϭϪ4, Ϫ2, 0, 2, or 4͒ harmonics are found to be comparable in magnitude to, although all are smaller than, the spherically symmetric g s (2) .
V. CONCLUDING REMARKS
While our simulations at an elevated shear rate are hydroynamically dominated, we have not probed the limit of Pe→ϱ for hard spheres. This ''pure hydrodynamic'' limit has been shown to be singular to weak thermal or interparticle force effects, 1 and the lack of a balancing mechanism for hydrodynamic motions has been argued to be pathological 28 -30 and to demand some form of regularization. Instead, we have sought to determine the predictions of the well-established Stokesian Dynamics approach for extended simulations of a range of particle fractions under strong shear. While not readily physically realizable, the suspension of hard spheres at large finite Pe is physically well defined. Our experience shows that simulation without jamming or excessive overlap can be performed, even for extremely concentrated suspensions, provided the dimensionless time step ␥ ⌬t satisfies ␥ ⌬tӶPe Ϫ1 . In practice, a separation by a factor of only 5 was always sufficient for Ͻ0.45, but for very concentrated suspensions ␥ ⌬t ϭPe Ϫ1 /20 was used. Larger time steps were found to lead to excessive overlap, leading to concern that the results would not accurately represent the microstructure of this basic system. The issue appears to be related to the need to allow the suspension to explore the near-contact configurations and relax away from contact through the effective thermodynamic ''spring'' force provided by Brownian motion. While theory 1 would suggest that this approach could be continued successfully to arbitrarily large Pe, doing so for Peу10 4 would be computationally extremely expensive. Since Peϭ1000 results in a boundary layer that is probably below the scale of surface features of even carefully manufactured particles, this may also be a rather academic exercise.
Observations from this work indicate that there exist certain similarities in the microstructure for the particle fractions considered, eight values in the range 0.2рр0.585. These include elevated near-contact pair correlation in the compressional quadrant of the pair space with a local maximum near the compressional axis of the linear flow. There is also generally observed to be a depletion relative to the contact surface mean of this correlation in the extensional quadrants; the value of g(2) is found to be below the equilibrium value of g (2) for sufficiently elevated Pe (Peу25) and dilute (Ͻ0.45). These findings are consistent, in a qualitative sense, with dilute theory, although the scaling of g (2) ϳPe 0.7 observed is not in agreement with the g(2) ϳPe predicted. 1 The results of this study suggest that surface features of near spheres will have strong effects upon the behavior because of the likelihood of the near-contact interaction. It would be useful to develop an efficient and physically representative manner of incorporating roughnessinduced frictional and normal forces into suspension simulations. Finally, at Ͼ0.3 the structure is predicted to change rather significantly, with the primary maximum in g (2) lying nearly along the flow direction within the shear plane rather than close to the compressional axis. A broad and strong secondary maximum in pair probability is always found over the entire compressional quadrant when the maximum shifts to the flow direction. Long-range string ordering was not observed under the conditions simulated. We have not probed a large number of values of the Péclet number because of the focus on strong shear conditions, but the rheological dependence on Pe observed in our simulations is consistent with that found in the simulations by Phung et al. and by the experiments of Bender and Wagner 9 ͑among others͒ of a thinning at small Pe to a minimum viscosity at an intermediate Pe of PeϷ10, followed by a steady increase of viscosity with Pe. As noted by Foss and Brady, 16 the ordering found by Phung et al. was due to an algorithmic error, which when corrected led to a loss of the string order, but with a similar ͑though slightly larger͒ minimum value in the suspension viscosity for PeϷ10. We do observe strongly enhanced correlation along the flow direction at large , however, and cannot rule out the possibility that string ordering may occur, either at other conditions or under conditions simulated but with larger simulational cells. An application of the accelerated Stokesian Dynamics approach 25 to probe a larger system size with the same conditions shows promise for addressing this issue.
The observed shift in the near-contact structure at large Pe as the concentration increases from ϭ0.3 may be related to a certain characteristic of the shear-induced selfdiffusion of suspensions. In experiment 30, 31 and simulation of hydrodynamically interacting particles, 16 the shearinduced self-diffusion of large Pe ͑simulation͒ and noncolloidal ͑experiments͒ particles is observed to go through a maximum at about ϭ0.3 and then reach a plateau at a smaller value as is increased. Theory of the self-diffusion 1, 32 predicts that the observed accumulation at contact with increasing should lead to an increase in the self-diffusivity. However, the theory is based upon the assumption that the maximum in g(2) occurs on the compressional axis, where the velocity disturbance of a tracer particle, uЈϳϪ␥ an(n"Ê "n), caused by the pair interaction is maximum. While string ordering is not observed in this work, pairs of particles apparently spend substantial time in the near-contact interaction lying on the same streamline, thus reducing their frequency of experiencing this large uЈ. A detailed study of the dynamics, and, in particular, the lifetime of pair interactions, is needed to assess this conjecture about the structural connection to the self-diffusion.
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